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In this paper, we investigate the factorization hypothesis step by step for the exclusive process
B → ρ at next-to-leading order (NLO) with the collinear factorization approach, and then we extend
our results to the kT factorization frame. We show that the soft divergence from the specific NLO
diagrams will cancel each other at the quark level, while the remaining collinear divergence can be
absorbed into the NLO wave functions. The full NLO amplitudes can be factorized into two parts:
the NLO B and ρ meson wave functions containing the collinear divergence and the leading order
(LO) finite hard kernels. We give the general form of the nonlocal hadron matrix for the NLO B and
ρ meson wave functions and all results of factorization for different twists’ combinations.
PACS numbers: 11.80.Fv, 12.38.Bx, 12.38.Cy, 12.39.St
I. INTRODUCTION
As the foundation of perturbative QCD formalism, the factorization theorem [1–3] claims that hard part
of the QCD interactions is finite and can be calculated perturbatively, meanwhile the non-perturbative part
can be factorized into the universal wave functions defined in an infinite momentum frame. The perturbative
QCD (PQCD) approach[4] based on the kT factorization theorem is proposed to eliminate endpoint diver-
gence by picking up the transversal momentum of the propagators together with the Sudakov resummation
technique[5, 6] .
In recent years, several exclusive processes πγ∗ → γ(π), ργ∗ → π and B → γ(π)lν¯ have been
investigated by many authors for example in Refs. [5–9] at the leading order (LO) and next-to-leading order
(NLO). The calculations of the space like and time like form factors [10] will be a great help for high
precision studies for B meson decays.
In this paper, taking the ρ meson as one example for those light vector mesons, we consider the B → ρ
transition process, give the proof of collinear factorization at the NLO level for leading twist parts. Fierz
identity and eikonal approximation will be taken into account to factorize the fermion flow and momentum
flow respectively. The power counting for various gamma matrices we discussed in [11] are also considered
in order to give the right color factors with triple gluon vertex diagrams. By summing up the contributions
from all sub-diagrams, we can prove that the soft divergence will cancel each other between quark diagrams,
and the remaining collinear divergence can also be absorbed into the NLO meson wave functions. The
convolutions of the NLO wave function and hard kernel have two forms: the one has additional gluon
emitted from external quarks flowing into hard kernel; another has no additional gluon flowing into hard
kernel. We will finally write down the hadronic matrix elements for B and ρ meson wave functions with
collinear parts in kT factorization.
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2This paper is organized as follows. In section II, we show the dynamical analysis and the leading
order amplitudes for B → ρ transition. In section III, we present the proof of collinear factorization for
B → ρ transition at the NLO step by step, and give the hadronic matrix elements for wave functions in kT
factorization. In section IV, finally, a brief summary and some discussions will be given.
II. LEADING ORDER HARD KERNEL
(a) (b)
k1 k2
P1 − k1 P2 − k2
(c) (d)
FIG. 1. The leading-order quark diagrams for the B → ρ transition form factors with the symbol ⊗ representing the
weak vertex.
In this section, we calculate the leading order O(αs) hard kernel for B → ρ transition, and the topologi-
cal diagrams of leading-order process are displayed in Fig. 1. The definition of the kinematics in light cone
coordinate are of the following form:
p1µ =
mB√
2
(1, 1,0T), k1µ =
mB√
2
(x1, 0,0T);
ǫ1µ(L) =
1√
2
(1, 0,0T), ǫ1µ(T ) = (0, 0,1T); (1)
p2µ =
ηmB√
2
(0, 1,0T), k2µ =
ηmB√
2
(0, x2,0T);
ǫ2µ(L) =
1√
2γρ
(−γ2ρ , 1,0T), ǫ2µ(T ) = (0, 0,1T), (2)
where themB is the mass of B-meson, the momentum P1 is chosen asmB/
√
2(1, 1,0T), both p
+ and p−
parts count due to the large scale of mB . The energy fraction η of the ρ meson in large recoil region is of
order 1, and the polarization vector with the definition γρ = mρ/Q is defined by condition ǫ
2
i (L/T ) = −1.
The momentum transfer squared Q2 = −(p1 − p2)2 (Q2 > 0) is taken to represent evolution behaviors
of form factors.
The leading twist (twist-2) wave functions of B and ρ mesons are chosen in the same form as those in
3Refs. [12, 13]:
ΦB(x1, p1) =
1√
2Nc
(p/1 +MB)
[
n/+√
2
φ+B(x1) +
1√
2
(
n/− − k+1 γν⊥
∂
∂kν1T
)
φ−B(x1)
]
,
Φρ(p2, ǫ2L) =
i√
2Nc
[Mρǫ/2Lφρ(x2)] ,
Φρ(p2, ǫ2T ) =
i√
2Nc
[
Mρǫ/2Tφ
v
ρ(x2)
]
, (3)
where Nc = 3 is the number of colors, n+ = (1, 0, 0) and n− = (0, 1, 0) are the unit vector in the light
cone coordinate. The wave functions of the vector ρ meson contain both the longitudinal and transversal
component Φρ(p2, ǫ2L) and Φρ(p2, ǫ2T ). To insure the gauge invariance and the accuracy of calculation,
both contributions from φ+B and φ
−
B will be taken into account in this work.
Because of the symmetry relations, the contributions from Fig. 1(c,d) can be simply derived from those
for Fig. 1(a,b) by exchange of momentum fraction for up (down) quarks. Then the LO transition amplitude
of Fig. 1(a) and (b) can be simplified to the following forms:
H
(0)
aL = −
ieg2CF
2
Tr
{γα[Mρǫ/2Lφρ(x2)]γα(p/2 − k/1)γµ(p/1 +mB)γ5 [n/+√2φ+B(x1) + n/−√2φ−B(x1)
]
(p2 − k1)2(k1 − k2)2
}
= −ieg2CFmBTr

ǫ/2Lk/1γµγ5 n/+√2φ+B(x1)
(p2 − k1)2(k1 − k2)2

 , (4)
H
(0)
bL = −ieg2CFmBTr

Mρǫ/2Lφρ(x2)γµk/2 n/+√2φ+B(x1)γ5 +Mρǫ/2Lφρ(x2)γµmbφ−B(x1)γ5
[(p1 − k2)2 −m2b ](k1 − k2)2

 , (5)
H
(0)
bT = −ieg2CFmBTr


[
ǫ/2T p/2φ
T
ρ (x2)
]
γµp/1
[
φ+B(x1) + φ
−
B(x1)
]
γ5 −
[
ǫ/2T p/2φ
T
ρ (x2)
]
γµmb
n/+√
2
φ+B(x1)γ5[
(p1 − k2)2 −m2b
]
(k1 − k2)2

 ,(6)
where CF = 4/3 is the color factor. SinceH
(0)
aT = 0 for Fig. 1(a), we do not showH
(0)
aT explicitly in Eq. (4).
ForH
(0)
aL , only the k/1 in quark propagator andmB component in B wave function have contributions, which
also requires γα and γµ should be γ⊥ and γ
+. H
(0)
bL contains two components corresponding to the two
parts of the B wave function φ+B and φ
−
B respectively, which leads to different restrictions on the vertex
with γα and γµ. Similarly, H
(0)
bT contains three components, two for φ
+
B and one for φ
−
B . Every part of
the combinations requires unique choice for P1 momentum (P
−
1 /P
+
1 ) and gamma matrix γµ and γα. We
should consider each part independently.
III. FACTORIZATION OF B → ρ AT NEXT-TO-LEADING ORDER
In this section, we will give the proof of collinear factorization for the exclusive process B → ρ at
NLO level, considering both momentum space and color space factorization but neglecting the transverse
momentum first. At the end of this section, we will pick up again the transverse momentum and discuss
how to deal with the infrared contribution carrying by kT -related part.
The fermion flow in momentum space can be factorized by inserting the Fierz identity
IijIlk =
1
4
IikIlj +
1
4
(γ5)ik(γ5)lj +
1
4
(γα)ik(γ
α)lj
+
1
4
(γ5γ
α)ik(γαγ5)lj +
1
8
(σαβ)ik(σαβ)lj , (7)
4into the proper place of the matrix elements, here σαβ = i[γα, γβ ]/2. The different terms on the right
hand side correspond to the contributions from different twists of B(ρ) meson. The eikonal approximation
is taken before inserting the Fierz identity to reformulate the singularity propagator into a simplified form
and reduce the gamma matrix for convenience meanwhile. All the possible diagrams for a gluon radiation
should be considered and finally be resumed to collect the color factors and maintain the gauge invariance.
A. Collinear factorization for the NLO(O(α2s)) corrections to H(0)aL
a b c
d e f g
h i j k
FIG. 2. The quark diagrams for NLO corrections to Fig. 1(a) with additional gluon emitted from the quark(antiquark)
lines of initial B meson
We will only show the factorization of the NLO corrections for Fig. 1(a,b), for the reason that Fig. 1(c,d)
can be derived from Fig. 1(a,b) by symmetry. Taking into account the different twists’ combinations, there
exist six different structures from the decay amplitudes as listed Eqs. (4),(5). Each structure has two terms
corresponding to the additional gluon lines emitted from the initial B meson or the finial ρ meson.
The topological diagrams for NLO corrections to Fig. 1(a) with additional gluon emitted from initial B
meson are showed in Fig. 2. Generally, there exists two kinds of infrared divergence: (a) the soft divergence
when the momentum of additional gluon is small at l = (l+, l−, l⊥) ∼ (λ, λ, λ) for λ ∼ ΛQCD; and (b) the
collinear divergence when the additional gluon is parallel with one longitudinal direction l = (l+, l−, l⊥) ∼
(λ2/Q2, Q, λ2)[14, 15]. The third kind infrared divergence appeared in the Glauber region of NLO spectator
amplitudes of B meson two-body nonleptonic decays[16, 17] does not exist here. We rewrite the Eq. (4)
explicitly in the following form:
H
(0)
aL = −
ieg2CF
2
Tr
{γα[Mρǫ/2Lφρ(x2)]γα(−k/1)γµ(mB)γ5 [n/+√2φ+B(x1)
]
(p2 − k1)2(k1 − k2)2
}
, (8)
in which we can see only k/1 in internal quark propagator and mB part in B meson wave function can
contribute in this channel, and γµ and γ
α should be γ+ and γ⊥.
We can straightly write down the NLO amplitudes of Fig. 2(a,b,c) since no radiated gluon lines attached
to internal line, and therefore no momentum will flow into the structure of LO hard kernel. So factorization
5can be derived simply by inserting the Fierz identity, neatly cutting on the external quark (antiquark) line.
G
(1)
aL,2a =
1
2
eg4C2F
2
Tr
{γα [Mρǫ/2Lφρ(x2)] γα(−k/1)γµ(p/1 − k/1 +mb)γν(p/1 − k/1 − l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
(p2 − k1)2(k1 − k2)2[(p1 − k1)2 −m2b ][(p1 − k1 − l)2 −m2b ]l2
}
=
1
2
φ
(1)
B,a ⊗G(0)aL(x1, x2), (9)
G
(1)
aL,2b = −
eg4C2F
2
Tr
{γν(k/1 − l/)γα [Mρǫ/2Lφρ(x2)] γα(−k/1 + l/)γµ(p/1 − k/1 + l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
(p2 − k1 + l)2(k1 − k2 − l)2(k1 − l)2[(p1 − k1 + l)2 −m2b ]l2
}
= φ
(1)
B,b ⊗G(0)aL(ξ1, x2), (10)
G
(1)
aL,2c =
1
2
eg4C2F
2
Tr
{γν(k/1 − l/)γν(k/1)γα [Mρǫ/2Lφρ(x2)] γα(−k/1)γµ(mB)γ5 [n/+√2φ+B(x1)
]
(p2 − k1)2(k1 − k2)2(k1 − l)2(k1)l2
}
=
1
2
φ
(1)
B,c ⊗G(0)aL(x1, x2), (11)
with
φ
(1)
B,a =
−ig2CF
4
γ5γ
ργργ5(p/1 − k/1 +mb)γν(p/1 − k/1 − l/+mb)γν
[(p1 − k1)2 −m2b ][(p1 − k1 − l)2 −m2b ]l2
, (12)
φ
(1)
B,b =
ig2CF
4
γ5γ
ρ(p/1 − k/1 + l/+mb)γνγ5γργν(k/1 − l/)
(k1 − l)2[(p1 − k1 + l)2 −m2b ]l2
, (13)
φ
(1)
B,c =
−ig2CF
4
γ5γργ
ν(k/1 − l/)γν(k/1)γργ5
(k1 − l)2(k1)l2 . (14)
The factor 1/2 appeared in Eqs. (9,11) comes from the symmetry of Fig. 2(a) and 2(c). From the QCD
diagrams and dynamics, no independent soft divergences exist in reducible diagrams, then the collinear
divergences can be absorbed into NLO wave functions concisely. These infrared singularities from ampli-
tudes of Figs. 2(a,b,c) are absorbed into NLO wave functions φ
(1)
B,i(i = a, b, c) and can be re-expressed as
in Eqs. (12-14). For the reason that the infrared divergence in reducible diagrams without mixing can be
simply matched one by one between QCD diagrams and effective diagrams[8], these results are independent
out of these irreducible diagrams. So, we just pay more attention to irreducible diagrams.
For Figs. 2(d,e) we have
G
(1)
aL,2d =
ieg4Tr[T aT bT c]fabc
2Nc
×Tr
{γα [Mρǫ/2Lφρ(x2)] γβ(p/2 − k/1 + l/)γµ(p/1 − k/1 + l/+mb)γγ(mB)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2(p2 − k1 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
=
9
8
φ
(1)
B,d ⊗
[
G
(0)
aL(ξ1, x1, x2)−G(0)aL(ξ1, x2)
]
,
G
(1)
aL,2e =
ieg4Tr[T aT bT c]fabc
2Nc
×Tr
{γα(k/1 − l/)γβ [Mρǫ/2Lφρ(x2)] γγ(p/2 − k/1)γµ(mB)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2(p2 − k1)2(k1 − l)2l2
}
=
9
8
φ
(1)
B,e ⊗
[
G
(0)
aL(x1, x2)−G(0)aL(x1, ξ1, x2)
]
, (15)
with
φ
(1)
B,d =
−ig2CF
4
γ+γ5(p/1 − k/1 + l/+mb)γργ5γ−
[(p1 − k1 + l)2 −m2b ]l2
νρ
ν · l ,
φ
(1)
B,e =
ig2CF
4
γ5γ
−γρ(k/1 − l/)γ+γ5
(k1 − l)2l2
νρ
ν · l . (16)
6For Fig. 2(d) where the triple gluon vertex appeared, as we examined in Ref. [11], only the terms in G
(1)
aL,2d
proportional to gαβ in Fαβγ = gαβ(2k2−2k1+ l)γ+ gβγ(k1−k2−2l)α+ gγα(k1−k2+ l)β give the right
NLO corrections to the LO hard kernel. The other terms are power suppressed by power counting of matrix
elements and also unphysical in topological diagrams. For Fig. 2(e), similarly, only the terms proportional
to gβγ in Fαβγ = gαβ(k1−k2−2l)γ+gβγ(2k2−2k1+ l)α+gγα(k1−k2+ l)β contribute effectively. Then
the NLO B meson wave function containing infrared divergence with “l” emitted from quark (antiquark)
line can be represented as in Eq. (16). Because of the large scale of mb, the φ
(1)
B,d contains the mb term in
propagator when “l” emits from the b quark .
The factorization of amplitudes for remaining diagrams Fig. 2(f-k) can be expressed as follows:
G
(1)
aL,2f = −
eg4Tr[T aT aT cT c]
2Nc
×Tr
{γα [Mρǫ/2Lφρ(x2)] γα(p/2 − k/1)γν(p/2 − k/1 + l/)γµ(p/1 − k/1 + l/+mb)γν(mB)γ5
[
n/+√
2
φ+B(x1)
]
(p2 − k1)2(k1 − k2)2(p2 − k1 + l)2[(p1 − k1 + l)2 −m2b ]l
2
}
∼ 0, (17)
G
(1)
aL,2g =
eg4Tr[T aT aT cT c]
2Nc
×Tr
{γν(k/1 − l/)γα [Mρǫ/2Lφρ(x2)] γα(p/2 − k/1 + l/)γν(p/2 − k/1)γµ(mB)γ5
[
n/+√
2
φ+B(x1)
]
(p2 − k1)2(k1 − k2 − l)2(p2 − k1 + l)2(k1 − l)2l2
}
∼ 0, (18)
G
(1)
aL,2h = −
eg4Tr[T aT cT aT c]
2Nc
×Tr
{γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 + l/)γα(p/2 − k/1 + l/)γµ(p/1 − k/1 + l/+mb)γν(mB)γ5
[
n/+√
2
φ+B(x1)
]
(p2 − k1 + l)2(k1 − k2)2(p2 − k2 + l)2[(p1 − k1 + l)2 −m2b ]l
2
}
= −
1
8
φ
(1)
B,d ⊗G
(0)
aL(ξ1, x1, x2), (19)
G
(1)
aL,2i =
eg4Tr[T aT cT aT c]
2Nc
×Tr
{γα(k/2 + l/)γν [Mρǫ/2Lφρ(x2)] γα(p/2 − k/1 + l/)γµ(p/1 − k/1 + l/+mb)γν(mB)γ5
[
n/+√
2
φ+B(x1)
]
(p2 − k1 + l)2(k1 − k2 − l)2(k2 + l)2[(p1 − k1 + l)2 −m2b ]l
2
}
=
1
8
φ
(1)
B,d ⊗G
(0)
aL(ξ1, x2), (20)
G
(1)
aL,2j = −
eg4Tr[T aT cT aT c]
2Nc
×Tr
{γν(k/1 − l/)γα(k/2 − l/)γν [Mρǫ/2Lφρ(x2)] γα(p/2 − k/1)γµ(mB)γ5
[
n/+√
2
φ+B(x1)
]
(p2 − k1 + l)2(k1 − k2)2(k1 − l)2(k2 − l)2l2
}
= −
1
8
φ
(1)
B,e ⊗G
(0)
aL(x1, x2), (21)
G
(1)
aL,2k =
eg4Tr[T aT cT aT c]
2Nc
×Tr
{γν(k/1 − l/)γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 − l/)γα(p/2 − k/1)γµ(mB)γ5
[
n/+√
2
φ+B(x1)
]
(p2 − k1)2(k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
=
1
8
φ
(1)
B,e ⊗G
(0)
aL(x1, ξ1, x2), (22)
where the infrared divergence in Figs. 2(f,g) are suppressed by kinematics, and we briefly set them to zero
for we concentrate on infrared divergence only in factorization theorem here. All the diagrams Figs. 2(d-
g) generate no soft divergence, for the reason that soft divergence only occurs when the additional gluon
bridge the initial and final quarks as Figs. 2(h-k). Then these diagrams Figs. 2(h-k) will generate the soft
divergence as well as the collinear divergence. But fortunately, we know that these soft divergence will
7cancel between Fig. 2(h) and Fig. 2(i), Fig. 2(j) and Fig. 2(k) by a simple deformation of propagators. This
conclusion is also supported by analytic calculations for quark diagrams as shown in Refs. [7–9].
We will sum up all the irreducible diagrams to correct the color factors and ensure the gauge invariance.
All the diagrams Figs. 2(d,f,h,i) with the additional gluon emitted from the up-quark lines of B meson give
the result:
G
(1)
up,aL(x1, x2) = φ
(1)
B,d(x1, ξ1)⊗
[
G
(0)
aL(ξ1, x1, x2)−G(0)aL(ξ1, x2)
]
. (23)
The diagrams Figs. 2(e,g,j,k) with the additional gluon emitted from the down-quark lines of B meson give
the result:
G
(1)
down,aL(x1, x2) = φ
(1)
B,e(x1, ξ1)⊗
[
G
(0)
aL(x1, x2)−G(0)aL(x1, ξ1, x2)
]
. (24)
We take the similar representation as our previous work [6], the function G
(0)
aL(ξ1, x1, x2), G
(0)
aL(x1, ξ1, x2)
and G
(0)
aL(x1, ξ1, x2) in Eqs. (23,24) represent the different forms of LO hard kernel with gluon momentum.
The different location of ξ1 in vertex represents tiny difference of types as gluon momentum flowing into
hard kernel.
G
(0)
aL(ξ1, x1, x2) = −
ieg2CF
2
Tr
{γα[Mρǫ/2Lφρ(x2)]γα(p/2 − k/1 + l/)γµ(mB)γ5 [n/+√2φ+B(x1)
]
(p2 − k1 + l)2(k1 − k2)2
}
, (25)
G
(0)
aL(x1, ξ1, x2) = −
ieg2CF
2
Tr
{γα[Mρǫ/2Lφρ(x2)]γα(p/2 − k/1)γµ(mB)γ5 [n/+√2φ+B(x1)
]
(p2 − k1)2(k1 − k2 − l)2
}
, (26)
G
(0)
aL(ξ1, x2) = −
ieg2CF
2
Tr
{γα[Mρǫ/2Lφρ(x2)]γα(p/2 − k/1 + l/)γµ(mB)γ5 [n/+√2φ+B(x1)
]
(p2 − k1 + l)2(k1 − k2 − l)2
}
. (27)
(a) (b) (c) (d)
FIG. 3. The effective diagrams for the NLO initial B meson.
After the cancellation of soft divergence, the remaining collinear divergence will be absorbed into those
effective wave functions of the mesons involved. The effective diagrams for the NLO initial B meson are
shown as Fig. 3, where the Figs. 3(a,c) represent diagrams with no gluon momentum flows into LO hard
kernel, relatively, Figs. 3(b,d) represent diagrams with the gluon momentum flowing into LO hard kernel.
The nonlocal hadronic matrix element for the B meson wave function can be written as:
Φ
(1)
B =
1
2NcP
+
1
∫
dy−
2π
e−ixp
+
1
y− < 0|q(y−)Γ(−igs)
∫ y−
0
dzvA(zν)q(0)|hν q¯(p1)) >, (28)
where A(zν) and hν represent the gauge field and the effective heavy-quark field respectively, and Γ
represents gamma matrix decided by specific part of twists, which can be chosen as γ5γ
−/2 here in this
channel.
Now we consider the NLO corrections to one of the structures of Fig. 1(b). The first part of the LO
amplitude H
(0)
bL as given in Eq. 5 can be written in the form of
G
(0)
bL,1 =
−ieg2CFmB
2
Tr

γαMρǫ/2Lφρ(x2)γµk/2γαγ5 n/+√2φ+B(x1)
[(p1 − k2)2 −m2b ](k1 − k2)2

 . (29)
8a b c
d e f g
h i j k
FIG. 4. The quark diagrams for NLO corrections to Fig. 1(b) with additional gluon emitted from the quark(antiquark)
lines of initial B meson.
We retain the γα matrix which should be γ⊥ in Eq. (29) for convenience. The factorization about NLO
corrections to this part of the LO hard kernel gives the results as follows. The NLOB meson wave function
containing infrared divergence is of the form as defined in Eq. (33). Each sub-diagram of this channel
contributes without dynamical forbidden. While, the change of weak vertex’s location leads to different
color structure for Figs. 4(f,g) comparing with those in Fig. 2.
G
(1)
bL1,2d = eg
4
Tr
{γα [Mρǫ/2Lφρ(x2)] γµk/2γβ(p/1 − k/1 + l/+mb)γγ(mB)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
= −9
8
φ
(1)
B,d ⊗
[
G
(0)
bL,1(x1, x2)−G(0)bL,1(x1, ξ1, x2)
]
, (30)
G
(1)
bL1,2e = −eg4Tr
{γα(k/1 − l/)γβ [Mρǫ/2Lφρ(x2)] γµk/2γγ(mB)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k1 − l)2l2
}
= −9
8
φ
(1)
B,e ⊗
[
G
(0)
bL,1(x1, x2)−G(0)bL,1(x1, ξ1, x2)
]
, (31)
with
φ
(1)
B,d =
−ig2CF
4
γ+γ5(p/1 − k/1 + l/+mb)γργ5γ−
[(p1 − k1 + l)2 −m2b ]l2
νρ
ν · l , (32)
φ
(1)
B,e =
ig2CF
4
γ5γ
−γρ(k/1 − l/)γ+γ5
(k1 − l)2l2
νρ
ν · l . (33)
and
G
(1)
bL1,2f =
eg4
9
Tr
{γα [Mρǫ/2Lφρ(x2)] γµk/2γν(p/1 − k/2 + l/+mb)γα(p/1 − k/1 + l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 + l)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
=
1
8
φ
(1)
B,d ⊗
[
G
(0)
bL,1(x1, x2)−G(0)bL,1(ξ1, x1, x2)
]
, (34)
G
(1)
bL1,2g = −
eg4
9
Tr
{γν(k/1 − l/)γα [Mρǫ/2Lφρ(x2)] γµk/2γν(p/1 − k/2 − l/+mb)γα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](k1 − l)2l2
}
= −1
8
φ
(1)
B,e ⊗
[
G
(0)
bL,1(x1, ξ1, x2)−G(0)bL,1(ξ1, x2)
]
, (35)
9G
(1)
bL1,2h =
eg4
9
Tr
{γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 + l/)γµ(k/2 − l/)γα(p/1 − k/1 + l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 + l)2 −m2b ](k1 − k2)2(p2 − k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
=
1
8
φ
(1)
B,d ⊗G(0)bL,1(ξ1, x1, x2), (36)
G
(1)
bL1,2i = −
eg4
9
Tr
{γα(k/2 + l/)γν [Mρǫ/2Lφρ(x2)] γµk/2γα(p/1 − k/1 + l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 + l)2(k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
= −1
8
φ
(1)
B,d ⊗G(0)bL,1(x1, ξ1, x2), (37)
G
(1)
bL1,2j = −
eg4
9
Tr
{γν(k/1 − l/)γα(k/2 − l/)γν [Mρǫ/2Lφρ(x2)] γµk/2γα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 − l)2(k2 − l)2l2
}
=
1
8
φ
(1)
B,e ⊗G(0)bL,1(x1, x2), (38)
G
(1)
bL1,2k =
eg4
9
Tr
{γν(k/1 − l/)γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 − l/)γµ(k/2 + l/)γα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
= −1
8
φ
(1)
B,e ⊗G(0)bL,1(ξ1, x2). (39)
We also sum up all the contributions from the diagrams with additional gluon emitted from up-quark
(down-quark) lines of initial B meson of this channel and the results are of the following form:
G
(1)
up,bL1(x1, x2) = −φ(1)B,d(x1, ξ1)⊗
[
G
(0)
aL(x1, x2)−G(0)aL(x1, ξ1, x2)
]
,
G
(1)
down,bL1(x1, x2) = −φ(1)B,e(x1, ξ1)⊗
[
G
(0)
aL(x1, x2)−G(0)aL(x1, ξ1, x2)
]
. (40)
The minus sign here is caused by the −k/2 in gluon propagator at LO. Although the Figs. 4(f,g) now give
the different color structures, the summation of all the sub-diagrams still give the right color factor which
we can also be obtained from the effective diagrams directly. As we did in G1aL or other terms, after the
cancellation of soft divergence, the remaining collinear divergence can be factorized into NLO B meson
wave function without any other theoretical problems.
B. kT factorization of NLO corrections to B → ρ transition
We pick up the transversal momentum “kT ” in kT factorization frame to remove the endpoint singularity
emerged in small x region. The Sudakov factor e−S(t) is introduced [18] in order to suppress the collinear
divergence by resummation of the large logarithmic terms which kT is concerned.
As we proposed in kT factorization frame, the kT works only in small x region, which indicates that
we have the hierarchy k2iT ≪ k1 · k2. Comparing with the expressions as shown in Eqs. (4) and (6), we
can also keep the same forms of LO hard kernel in kT factorization frame. After the inclusion of the NLO
corrections, the only difference we should pay attention to is the transverse momentum lT in propagators
which can be understood as a small momentum shift.
The ratio term νρ/ν · l in Eq. (16) represents the Feynman rule related to Wilson line. Considering the
lT, we rewrite the hadronic matrix element in Eq. (28) containing Wilson line through Fourier transforma-
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v
y− + b
∞
(b)
0
b
v
y−
∞
(a)
0
∞+ b
0
b
n
y + b
∞
(c)
∞+ b
FIG. 5. The graph for the deviation of the integral (Wilson line) by b in light cone coordinate for the two-parton meson
wave function.
tion for the gauge field form from A(zν) to A˜(l):∫ ∞
0
dz v · A(zv)→
∫ ∞
0
dz
∫
dl eiz(v·l+iǫ) v · A˜(l)
→ i
∫
dl
vρ
v · l A˜
ρ(l), (41)∫ y−
∞
dz v · A(zv)→
∫ y−
0
dz
∫
dl e[iz(v·l+iǫ)−ilT ·b] v · A˜(l)
→ −i
∫
dl
vρ
v · l e
[il+y−−ilT ·b] A˜ρ(l), (42)
The factor eil
+y− will generate a delta function δ(ξ1 − x1 + l+p1 ) which describes a momentum shift when
the l flowing into hard kernel. The other term eilT represents a small transversal part flowing into the hard
kernel. The NLO B and ρ meson wave functions can be finally written as a general form:
Φ
(1)
B (x1, ξ1;b1) =
1
2NcP
+
1
∫
dy−
2π
db1
(2π)2
e−ixp
+
1 y
−+ik1T·b1
· < 0|q(y−)Γ · (−igs)
∫ y
0
dz n ·A(zn)q(0)|hνB(p1) >, (43)
Φ(1)ρ (x2, ξ2;b2) =
1
2NcP
−
2
∫
dy−
2π
db2
(2π)2
e−ixp
+
2 y
−+ik2T·b2
· < 0|q(y−)Γ′ · (−igs)
∫ y
0
dz n · A(zn)q(0)|ρ(p1) > . (44)
where Γ is the gamma matrix depending on the twist of the B and ρ wave functions.
The whole process of the integration and modification in Eqs. (41,42) can be understood by graphs in
Fig. 5. Both the Wilson lines in Fig. 5(a,b) parallel to the light cone coordinate will generate light cone
singularity. To avoid this singularity, we can slightly rotate the direction of Wilson line as in Fig. 5(c),
then such a singularity can be regularized by n2(n2 6= 0). The choice of number n2 is scheme dependent,
which has been demonstrated to be small [19] and we can simply set n2 = 1 for convenience in calculation.
While this rotation and the choose of n2 will generate a pinched singularity during the integration for
Wilson lines. To solve this problem, the transverse-momentum-dependent(TMD) wave function with soft
substraction factor with a square root is introduced to the un-subtracted wave function [20], and a more
elegant TMD wave function involves two pieces of non-light-like Wilson links is proposed in Ref.[21]. We
11
pay more attention to the factorization of the collinear divergence in this paper, more discussion on these
TMD wave function will be given in future work.
IV. SUMMARY
In this paper, we investigate the B → ρ transition process and give the proof of factorization at NLO
level in collinear factorization approach. Because of the different structures in the initial B meson and the
final ρmeson state, three amplitudes with six parts of twists’ forms for LO diagrams as shown in Fig. 1(a,b)
should be considered. Also, both the corrections to initial state and finial state should be considered. The
calculation of all these six channels will be much complex, which suggests us an estimate for proportion for
every channel in LO will be necessary before numerical calculations done at the NLO level.
We have verified that with the right power counting for triple gluon vertex, the amplitudes of the NLO
corrections to the LO hard kernel with an additional gluon emitted from the initial B meson or the final
ρ meson can be separated into a convolution of the NLO wave function with LO hard kernel. The LO
hard kernel here can be distinguished as two forms, with gluon momentum flowing into the hard kernel,
or with no gluon momentum flowing into the hard kernel. We then extend these results to kT factorization
frame and the conclusion can still be stable by a momentum shift. The form of nonlocal two quarks hadron
matrices of NLO B(ρ) meson are given in section. III. This work will also play an essential role for future
numerical calculations of B → ρ transition form factors.
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Appendix A: Factorization of the NLO amplitudes
In this Appendix, we present the explicit expressions for NLO corrections to the remaining LO amplitude
H0bL and H
0
bT . The function G
(0)
bL2 corresponds to the second part of H
0
bL as given in Eq. (5). The function
G
(0)
bT1, G
(0)
bT2 and G
(0)
bT3 come from the three components of H
0
bT as defined in Eq. (6): two for φ
+
B and one
for φ−B component. For the sake of clearness, we write these four functions in their original non-reduced
form:
G
(0)
bL2 = −
ieg2CF
2
Tr


γα [Mρǫ/2Lφρ(x2)] γµ(mb)γα(p/1)γ5
[
n/−√
2
φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2

 , (A1)
G
(0)
bT1 = −
ieg2CF
2
Tr

[
γα
[
ǫ/2T p/2φ
T
ρ (x2)
]
γµ(p/1)γα(p/1)γ5
[
n/+√
2
φ+B(x1)
]
[
(p1 − k2)2 −m2b
]
(k1 − k2)2

 , (A2)
G
(0)
bT2 = −
ieg2CF
2
Tr


γα
[
ǫ/2T p/2φ
T
ρ (x2)
]
γµ(p/1)γα(p/1)γ5
[
n/−√
2
φ−B(x1)
]
[
(p1 − k2)2 −m2b
]
(k1 − k2)2

 , (A3)
G
(0)
bT3 = −
ieg2CF
2
Tr


γα
[
ǫ/2T p/2φ
T
ρ (x2)
]
γµ(mb)γα(mB)γ5
[
n/+√
2
φ+B(x1)
]
[
(p1 − k2)2 −m2b
]
(k1 − k2)2

 . (A4)
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The NLO corrections with additional gluon emitted from the final ρ meson are also supplied. In Fig. 6
and 7 , we show the Feynman diagrams for NLO corrections to Fig. 1(a) and Fig. 1(b) respectively, where
the second blue gluon are emitted from the quark and antiquark lines of the finial ρ meson. Notice that the
G
(0)
aL and G
(0)
bL1 with the gluon emitted from the final ρ meson have the similar structure with the ones for
ρ→ ρ decays as defined in Refs. [6], so we here do not present them explicitly.
a b c
d e f g
h i j k
FIG. 6. The Feynman diagrams for NLO corrections to Fig. 1(a) with the additional gluon emitted from the quark
(antiquark) lines of the finial ρ meson.
a b c
d e f g
h i j k
FIG. 7. The Feynman diagrams for NLO corrections to Fig. 1(b) with the additional gluon emitted from the quark
(antiquark) lines of the finial ρ meson.
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1. The NLO amplitudes for G
(0)
bL2
The amplitudes for the NLO contributions from the irreducible diagrams to G
(0)
bL2 are the following:
G
(1)
bL2,2d = −eg4Tr
{γα [Mρǫ/2Lφρ(x2)] γµmbγβ(p/1 − k/1 + l/+mb)γγ(p/1)γ5 [n/−√2φ−B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
=
9
8
φ
(1)
B,d ⊗
[
G
(0)
bL,2(x1, x2)−G(0)bL,2(x1, ξ1, x2)
]
, (A5)
G
(1)
bL2,2e = −eg4 ×Tr
{γα(k/1 − l/)γβ [Mρǫ/2Lφρ(x2)] γµmbγγ(p/1)γ5 [n/−√2φ−B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k1 − l)2l2
}
∼ 0. (A6)
The contribution of G
(1)
bL2,2e is suppressed by dynamics and we simply set it 0 here. For other contributions
we have:
G
(1)
bL2,2f =
eg4
9
Tr
{γα [Mρǫ/2Lφρ(x2)] γµmbγν(p/1 − k/2 + l/+mb)γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 + l)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
,
∼ 0, (A7)
G
(1)
bL2,2g = −
eg4
9
Tr
{γν(k/1 − l/)γα [Mρǫ/2Lφρ(x2)] γµmbγν(p/1 − k/2 + l/+mb)γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 + l)2 −m2b ](k1 − l)2l2
}
∼ 0, (A8)
G
(1)
bL2,2h =
eg4
9
Tr
{γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 + l/)γµ(mb + l/)γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2 + l)2 −m2b ](k1 − k2)2(p2 − k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
= −1
8
φ
(1)
B,d ⊗G(0)bL,1(x1, x2), (A9)
G
(1)
bL2,2i = −
eg4
9
Tr
{γα(k/2 + l/)γν [Mρǫ/2Lφρ(x2)] γµmbγα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 + l)2(k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
=
1
8
φ
(1)
B,d ⊗G(0)bL,1(x1, ξ1, x2), (A10)
G
(1)
bL2,2j =
eg4
9
Tr
{γν(k/1 − l/)γα(k/2 − l/)γν [Mρǫ/2Lφρ(x2)] γµmbγα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 − l)2(k2 − l)2l2
}
∼ 0, (A11)
G
(1)
bL2,2k = −
eg4
9
Tr
{γν(k/1 − l/)γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 − l/)γµ(mb − l/)γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
∼ 0, (A12)
with
φ
(1)
B,d =
−ig2CF
8
γ−γ5γ+(p/1 − k/1 + l/+mb)γργ−γ5γ+
[(p1 − k1 + l)2 −m2b ]l2
νρ
ν · l . (A13)
The summation over above contributions gives the result:
G
(1)
up,bL2(x1, x2) = φ
(1)
B,d(x1, ξ1)⊗
[
G
(0)
aL(x1, x2)−G(0)aL(x1, ξ1, x2)
]
. (A14)
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2. The NLO amplitudes for G
(0)
bT1
The amplitudes for the NLO contributions from the irreducible diagrams to G
(0)
bT1 are the following:
G
(1)
bT1,2d = −eg4Tr
{γα [ǫ/2T p/2φTρ (x2)] γµp/1γβ(p/1 − k/1 + l/+mb)γγ(p/1)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
=
9
8
φ
(1)
B,d ⊗
[
G
(0)
bT,1(x1, x2)−G(0)bT,1(x1, ξ1, x2)
]
, (A15)
G
(1)
bT1,2e = eg
4
Tr
{γα(k/1 − l/)γβ [ǫ/2T p/2φTρ (x2)] γµp/1γγ(p/1)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k1 − l)2l2
}
=
9
8
φ
(1)
B,e ⊗
[
G
(0)
bT,1(x1, x2)−G(0)bT,1(x1, ξ1, x2)
]
, (A16)
G
(1)
bT1,2f =
eg4
9
Tr
{γα [ǫ/2T p/2φTρ (x2)] γµp/1γν(p/1 − k/2 + l/+mb)γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 + l)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
= −1
8
φ
(1)
B,d ⊗
[
G
(0)
bT,1(x1, x2)−G(0)bT,1(ξ1, x1, x2)
]
, (A17)
G
(1)
bT1,2g = −
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2T p/2φTρ (x2)] γµp/1γν(p/1 − k/2 − l/+mb)γα(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](k1 − l)2l2
}
∼ 0, (A18)
G
(1)
bT1,2h =
eg4
9
Tr
{γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 + l/)γµ(p/1 + l/)γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 + l)2 −m2b ](k1 − k2)2(p2 − k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
∼ 0, (A19)
G
(1)
bT1,2i = −
eg4
9
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 + l)2(k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
∼ 0, (A20)
G
(1)
bT1,2j =
eg4
9
Tr
{γν(k/1 − l/)γα(k/2 − l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γα(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 − l)2(k2 − l)2l2
}
=
1
8
φ
(1)
B,e ⊗G(0)bT,1(x1, x2), (A21)
G
(1)
bT1,2k =
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2Tp/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(p/1 − l/)γα(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
= −1
8
φ
(1)
B,e ⊗G(0)bT,1(ξ1, x2), (A22)
with the wave functions φ
(1)
B,d and φ
(1)
B,e are of the following form:
φ
(1)
B,d =
−ig2CF
8
γ+γ5γ
−(p/1 − k/1 + l/+mb)γργ+γ5γ−
[(p1 − k1 + l)2 −m2b ]l2
νρ
ν · l , (A23)
φ
(1)
B,e =
ig2CF
8
γ+γ5γ
−γρ(k/1 − l/)γ+γ5γ−
(k1 − l)2l2
νρ
ν · l . (A24)
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The direct summation of above contributions gives the following result:
G
(1)
up,bT3(x1, x2) = φ
(1)
B,d(x1, ξ1)⊗
[
G
(0)
bT (x1, x2)−G(0)bT (x1, ξ1, x2)
]
+
1
8
φ
(1)
B,d(x1, ξ1)⊗
[
G
(0)
bT (ξ1, x1, x2)−G(0)bT (x1, ξ1, x2)
]
, (A25)
G
(1)
down,aL(x1, x2) = φ
(1)
B,e(x1, ξ1)⊗
[
G
(0)
aL(x1, x2)−G(0)aL(x1, ξ1, x2)
]
, (A26)
where the 1/8 term seems abnormal here. Fortunately, as we demonstrated in Eqs. (25-27) , the difference
between G
(0)
bT (ξ1, x1, x2) and G
(0)
bT (x1, ξ1, x2) is the form of the propagator in denominator. The flow l here
can be recognized as a momentum shift for x′1 = x1 − l+/p1 and with the symmetry by choice of P2 and
k2, the infrared structure between the two terms will be canceled each other.
3. The NLO amplitudes for G
(0)
bT2
The amplitudes for the NLO contributions from the irreducible diagrams to G
(0)
bT2 are the following:
G
(1)
bT2,2d = −eg4Tr
{γα [ǫ/2T p/2φTρ (x2)] γµp/1γβ(p/1 − k/1 + l/+mb)γγ(p/1)γ5 [n/−√2φ−B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
=
9
8
φ
(1)
B,d ⊗
[
G
(0)
bT,2(x1, x2)−G(0)bT,2(x1, ξ1, x2)
]
, (A27)
G
(1)
bT2,2e = eg
4
Tr
{γα(k/1 − l/)γβ [ǫ/2T p/2φTρ (x2)] γµp/1γγ(p/1)γ5 [n/−√2φ−B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k1 − l)2l2
}
∼ 0, (A28)
G
(1)
bT2,2f =
eg4
9
Tr
{γα [ǫ/2T p/2φTρ (x2)] γµp/1γν(p/1 − k/2 + l/+mb)γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 + l)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
= −1
8
φ
(1)
B,d ⊗
[
G
(0)
bT,2(x1, x2)−G(0)bT,2(ξ1, x1, x2)
]
, (A29)
G
(1)
bT2,2g = −
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2T p/2φTρ (x2)] γµp/1γν(p/1 − k/2 − l/+mb)γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](k1 − l)2l2
}
∼ 0, (A30)
G
(1)
bT2,2h =
eg4
9
Tr
{γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 + l/)γµ(p/1 + l/)γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2 + l)2 −m2b ](k1 − k2)2(p2 − k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
= −1
8
φ
(1)
B,d ⊗G(0)bT,2(ξ1, x1, x2), (A31)
G
(1)
bT2,2i = −
eg4
9
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 + l)2(k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
=
1
8
φ
(1)
B,d ⊗G(0)bT,2(x1, ξ1, x2), (A32)
G
(1)
bT2,2j = −
eg4
9
Tr
{γν(k/1 − l/)γα(k/2 − l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 − l)2(k2 − l)2l2
}
∼ 0, (A33)
G
(1)
bT2,2k =
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2Tp/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(p/1 − l/)γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
∼ 0, (A34)
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with the wave function φ
(1)
B,d as the form of
φ
(1)
B,d =
−ig2CF
8
γ−γ5γ+(p/1 − k/1 + l/+mb)γργ−γ5γ+
[(p1 − k1 + l)2 −m2b ]l2
νρ
ν · l . (A35)
The summation of the contributions from these irreducible sub-diagrams gives the following result:
G
(1)
up,bT2(x1, x2) = φ
(1)
B,d(x1, ξ1)⊗
[
G
(0)
bT (x1, x2)−G(0)bT (x1, ξ1, x2)
]
. (A36)
4. The NLO amplitudes for G
(0)
bT3
The amplitudes for the NLO contributions from the irreducible diagrams to G
(0)
bT3 are the following:
G
(1)
bT3,2d = −eg4Tr
{γα [ǫ/2Tp/2φTρ (x2)] γµmbγβ(p/1 − k/1 + l/+mb)γγ(mB)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
=
9
8
φ
(1)
B,d ⊗
[
G
(0)
bT,3(x1, x2)−G(0)bT,3(x1, ξ1, x2)
]
, (A37)
G
(1)
bT3,2e = eg
4
Tr
{γα(k/1 − l/)γβ [ǫ/2T p/2φTρ (x2)] γµmbγγ(mB)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k1 − l)2l2
}
=
9
8
φ
(1)
B,e ⊗
[
G
(0)
bT,3(x1, x2)−G(0)bT,3(x1, ξ1, x2)
]
, (A38)
G
(1)
bT3,2f =
eg4
9
Tr
{γα [ǫ/2T p/2φTρ (x2)] γµmbγν(p/1 − k/2 + l/+mb)γα(p/1 − k/1 + l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 + l)2 −m2b ][(p1 − k1 + l)2 −m2b ]l2
}
= −1
8
φ
(1)
B,d ⊗
[
G
(0)
bT,3(x1, x2)−G(0)bT,3(ξ1, x1, x2)
]
, (A39)
G
(1)
bT3,2g = −
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2T p/2φTρ (x2)] γµmbγν(p/1 − k/2 − l/+mb)γα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](k1 − l)2l2
}
= −1
8
φ
(1)
B,e ⊗
[
G
(0)
bT,3(x1, ξ1, x2)−G(0)bT,3(ξ1, x2)
]
, (A40)
G
(1)
bT3,2h =
eg4
9
Tr
{γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 + l/)γµ(mb + l/)γα(p/1 − k/1 + l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 + l)2 −m2b ](k1 − k2)2(p2 − k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
= −1
8
φ
(1)
B,d ⊗G(0)bT,3(ξ1, x1, x2), (A41)
G
(1)
bT3,2i = −
eg4
9
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµmbγα(p/1 − k/1 + l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 + l)2(k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
=
1
8
φ
(1)
B,d ⊗G(0)bT,3(x1, ξ1, x2), (A42)
G
(1)
bT3,2j =
eg4
9
Tr
{γν(k/1 − l/)γα(k/2 − l/)γν [ǫ/2T p/2φTρ (x2)] γµmbγα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 − l)2(k2 − l)2l2
}
=
1
8
φ
(1)
B,e ⊗G(0)bT,3(x1, x2), (A43)
G
(1)
bT3,2k = −
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(mb − l/)γα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
= −1
8
φ
(1)
B,e ⊗G(0)bT,3(ξ1, x2), (A44)
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with the wave functions φ
(1)
B,d and φ
(1)
B,e in the form of
φ
(1)
B,d =
−ig2CF
4
γ+γ5(p/1 − k/1 + l/+mb)γργ5γ−
[(p1 − k1 + l)2 −m2b ]l2
νρ
ν · l ,
φ
(1)
B,e =
ig2CF
4
γ5γ
−γρ(k/1 − l/)γ+γ5
(k1 − l)2l2
νρ
ν · l . (A45)
The summation of above terms from the irreducible sub-diagrams gives the following result:
G
(1)
up,bT3(x1, x2) = φ
(1)
B,d(x1, ξ1)⊗
[
G
(0)
bT (x1, x2)−G(0)bT (x1, ξ1, x2)
]
, (A46)
G
(1)
down,aL(x1, x2) = φ
(1)
B,e(x1, ξ1)⊗
[
G
(0)
aL(x1, x2)−G(0)aL(x1, ξ1, x2)
]
. (A47)
5. The NLO amplitudes for G
(0′)
bL2
The amplitudes for the NLO contributions from the irreducible diagrams to G
(0′)
bL2 with the additional
gluon emitted from the final ρ meson are the following:
G
(1′)
bL2,2d = −eg4Tr
{γα [Mρǫ/2Lφρ(x2)] γβ(p/2 − k/2 − l/)γµmbγγ(p/1)γ5 [n/−√2φ−B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](p2 − k2 − l)2l2
}
=
9
8
φ
(1)
ρ,d ⊗
[
G
(0)
bL,2(x1, ξ2, x2)−G(0)bL,2(x1, ξ2)
]
, (A48)
G
(1′)
bL2,2e = eg
4
Tr
{γα(k/2 + l/)γβ [Mρǫ/2Lφρ(x2)] γµmbγγ(p/1)γ5 [n/−√2φ−B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k2 + l)2l2
}
=
9
8
φ(1)ρ,e ⊗
[
−G(0)bL,2(x1, x2) +G(0)bL,2(x1, x2, ξ2)
]
, (A49)
G
(1′)
bL2,2f = −
eg4C2F
2
Tr
{γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 − l/)γµ(p/1 − k/2 − l/+mb)γνmbγα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 − l)2 −m2b ](p2 − k2 − l)2l2
}
∼ 0, (A50)
G
(1′)
bL2,2g =
eg4C2F
2
Tr
{γα(k/2 + l/)γν [Mρǫ/2Lφρ(x2)] γµmbγν(p/1 − k/2 − l/+mb)γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](k2 + l)2l2
}
= φ(1)ρ,e ⊗
[
−G(0)bL,2(x1, x2, ξ2) +G(0)bL,2(x1, ξ2)
]
, (A51)
G
(1′)
bL2,2h =
eg4
9
Tr
{γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 − l/)γµ(mb − l/)γα(p/1 − k/1 − l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2)2(p2 − k2 − l)2[(p1 − k1 − l)2 −m2b ]l2
}
= −1
8
φ
(1)
ρ,d ⊗G(0)bL,2(x1, ξ2, x2), (A52)
G
(1′)
bL2,2i = −
eg4
9
Tr
{γν(k/1 − l/)γα [Mρǫ/2Lφρ(x2)] γν(p/2 − k/2 − l/)γµ(mb − l/)γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
∼ 0, (A53)
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G
(1′)
bL2,2j =
eg4
9
Tr
{γν(k/1 + l/)γα(k/2 + l/)γν [Mρǫ/2Lφρ(x2)] γµmbγα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 + l)2(k2 + l)2l2
}
∼ 0, (A54)
G
(1′)
bL2,2k = −
eg4
9
Tr
{γα(k/2 + l/)γν [Mρǫ/2Lφρ(x2)] γµmbγα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k1 + l)2 −m2b ](k2 + l)2l2
}
= −1
8
φ(1)ρ,e ⊗G(0)bL,2(x1, x2, ξ2), (A55)
with the wave functions φ
(1)
ρ,d and φ
(1)
ρ,e in the form of
φ
(1)
ρ,d =
−ig2CF
4
γ+γρ(p/2 − k/2 − l/)γ−
(p2 − k2 − l)2l2
nρ
n · l ,
φ(1)ρ,e =
ig2CF
4
γ−(k/2 + l/)γργ+
(k2 + l)2l2
nρ
n · l . (A56)
Analogous to the ones in Eq. (A25), the 1/8 terms also appear in this channel. After the summation of the
contributions from these irreducible sub-diagrams, one finds the following result:
G
(1′)
up,bL2(x1, x2) = φ
(1)
ρ,d ⊗
[
G
(0)
bL,2(x1, ξ2, x2)−G(0)bL,2(x1, ξ2)
]
, (A57)
G
(1′)
down,bL2(x1, x2) = φ
(1)
ρ,e ⊗
[
−G(0)bL,2(x1, x2) +G(0)bL,2(x1, x2, ξ2)
]
. (A58)
6. The NLO amplitudes for G
(0′)
bT1
The amplitudes for the NLO contributions from the irreducible diagrams to G
(0′)
bT1 with the additional
gluon emitted from the final ρ meson are the following:
G
(1′)
bT1,2d = −eg4Tr
{γα [ǫ/2T p/2φTρ (x2)] γβ(p/2 − k/2 − l/)γµp/1γγ(p/1)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](p2 − k2 − l)2l2
}
=
9
8
φ
(1)
ρ,d ⊗
[
G
(0)
bT,1(x1, ξ2, x2)−G(0)bT,1(x1, ξ2)
]
, (A59)
G
(1′)
bT1,2e = eg
4
Tr
{γα(k/2 + l/)γβ [ǫ/2Tp/2φTρ (x2)] γµp/1γγ(p/1)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k2 + l)2l2
}
=
9
8
φ(1)ρ,e ⊗
[
−G(0)bT,1(x1, x2) +G(0)bT,1(x1, x2, ξ2)
]
, (A60)
G
(1′)
bT1,2f = −
eg4C2F
2
Tr
{γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(p/1 − k/2 − l/+mb)γνp/1γα(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 − l)2 −m2b ](p2 − k2 − l)2l2
}
= φ
(1)
ρ,d ⊗
[
G
(0)
bT,1(x1, x2)−G(0)bT,1(x1, ξ2, x2)
]
, (A61)
G
(1′)
bT1,2g =
eg4C2F
2
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γν(p/1 − k/2 − l/+mb)γα(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](k2 + l)2l2
}
= φ(1)ρ,e ⊗
[
−G(0)bT,1(x1, x2, ξ2) +G(0)bT,1(x1, ξ2)
]
, (A62)
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G
(1′)
bT1,2h =
eg4
9
Tr
{γα [ǫ/2Tp/2φTρ (x2)] γν(p/2 − k/2 + l/)γµ(p/1 + l/)γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 + l)2 −m2b ](k1 − k2)2(p2 − k2 + l)2[(p1 − k1 + l)2 −m2b ]l2
}
∼ 0, (A63)
G
(1′)
bT1,2i = −
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(p/1 − l/)γα(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
=
1
8
φ
(1)
ρ,d ⊗G(0)bT,1(x1, ξ2), (A64)
G
(1′)
bT1,2j =
eg4
9
Tr
{γν(k/1 + l/)γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γα(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 + l)2(k2 + l)2l2
}
=
1
8
φ(1)ρ,e ⊗G(0)bT,2(x1, x2), (A65)
G
(1′)
bT1,2k = −
eg4
9
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k1 + l)2 −m2b ](k2 + l)2l2
}
∼ 0, (A66)
with the wave functions φ
(1)
ρ,d and φ
(1)
ρ,e in the form of
φ
(1)
ρ,d =
−ig2CF
4
γ⊥γ+γρ(p/2 − k/2 − l/)γ−γ⊥
(p2 − k2 − l)2l2
nρ
n · l
φ(1)ρ,e =
ig2CF
4
γ−γ⊥(k/2 + l/)γργ⊥γ+
(k2 + l)2l2
nρ
n · l . (A67)
The summation of the contributions from above irreducible sub-diagrams gives the following result:
G
(1′)
up,bT1(x1, x2) = φ
(1)
ρ,d ⊗
[
G
(0)
bT,1(x1, ξ2, x2)−G(0)bT,1(x1, ξ2)
]
, (A68)
G
(1′)
down,bT1(x1, x2) = φ
(1)
ρ,e ⊗
[
−G(0)bT,1(x1, x2) +G(0)bT,1(x1, x2, ξ2)
]
. (A69)
7. The NLO amplitudes for G
(0′)
bT2
The NLO amplitudes for G
(0′)
bT2 with the additional gluon emitted from the final state ρ meson are the
following:
G
(1′)
bT2,2d = −eg4Tr
{γα [ǫ/2T p/2φTρ (x2)] γβ(p/2 − k/2 − l/)γµp/1γγ(p/1)γ5 [n/−√2φ−B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](p2 − k2 − l)2l2
}
=
9
8
φ
(1)
ρ,d ⊗
[
G
(0)
bT,2(x1, ξ2, x2)−G(0)bT,2(x1, ξ2)
]
, (A70)
G
(1′)
bT2,2e = eg
4
Tr
{γα(k/2 + l/)γβ [ǫ/2Tp/2φTρ (x2)] γµp/1γγ(p/1)γ5 [n/−√2φ−B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k2 + l)2l2
}
=
9
8
φ(1)ρ,e ⊗
[
−G(0)bT,2(x1, x2) +G(0)bT,2(x1, x2, ξ2)
]
, (A71)
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G
(1′)
bT2,2f = −
eg4C2F
2
Tr
{γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(p/1 − k/2 − l/+mb)γνp/1γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 − l)2 −m2b ](p2 − k2 − l)2l2
}
= φ
(1)
ρ,d ⊗
[
G
(0)
bT,2(x1, x2)−G(0)bT,2(x1, ξ2, x2)
]
, (A72)
G
(1′)
bT2,2g =
eg4C2F
2
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γν(p/1 − k/2 − l/+mb)γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](k2 + l)2l2
}
= φ(1)ρ,e ⊗
[
−G(0)bT,2(x1, x2, ξ2) +G(0)bT,2(x1, ξ2)
]
, (A73)
G
(1′)
bT2,2h =
eg4
9
Tr
{γα [ǫ/2Tp/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(p/1 + l/)γα(p/1 − k/1 − l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2 + l)2 −m2b ](k1 − k2)2(p2 − k2 + l)2[(p1 − k1 − l)2 −m2b ]l2
}
= −1
8
φ
(1)
ρ,d ⊗G(0)bT,2(x1, ξ2, x2), (A74)
G
(1′)
bT2,2i = −
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(p/1 − l/)γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
∼ 0, (A75)
G
(1′)
bT2,2j =
eg4
9
Tr
{γν(k/1 + l/)γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γα(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 + l)2(k2 + l)2l2
}
∼ 0, (A76)
G
(1′)
bT2,2k = −
eg4
9
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµp/1γα(p/1 − k/1 + l/+mb)γν(p/1)γ5 [n/−√2φ−B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k1 + l)2 −m2b ](k2 + l)2l2
}
= −1
8
φ(1)ρ,e ⊗G(0)bT,2(x1, x2, ξ2), (A77)
with the wave functions φ
(1)
ρ,d and φ
(1)
ρ,e in the form of
φ
(1)
ρ,d =
−ig2CF
4
γ⊥γ+γρ(p/2 − k/2 − l/)γ−γ⊥
(p2 − k2 − l)2l2
nρ
n · l ,
φ(1)ρ,e =
ig2CF
4
γ−γ⊥(k/2 + l/)γργ⊥γ+
(k2 + l)2l2
nρ
n · l . (A78)
The summation over the contributions from above irreducible sub-diagrams gives the following result:
G
(1′)
up,bT2(x1, x2) = φ
(1)
ρ,d ⊗
[
G
(0)
bT,2(x1, ξ2, x2)−G(0)bT,2(x1, ξ2)
]
, (A79)
G
(1′)
down,bT1(x1, x2) = φ
(1)
ρ,e ⊗
[
−G(0)bT,2(x1, x2) +G(0)bT,2(x1, x2, ξ2)
]
. (A80)
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8. The NLO amplitudes for G
(0′)
bT3
The NLO amplitudes for G
(0′)
bT3 with the additional gluon emitted from the final ρ meson are the follow-
ing:
G
(1′)
bT3,2d = −eg4Tr
{γα [ǫ/2T p/2φTρ (x2)] γβ(p/2 − k/2 − l/)γµmbγγ(mB)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](p2 − k2 − l)2l2
}
=
9
8
φ
(1)
ρ,d ⊗
[
G
(0)
bT,3(x1, ξ2, x2)−G(0)bT,3(x1, ξ2)
]
, (A81)
G
(1′)
bT3,2e = eg
4
Tr
{γα(k/2 + l/)γβ [ǫ/2T p/2φTρ (x2)] γµmbγγ(mB)γ5 [n/+√2φ+B(x1)
]
Fαβγ
(k1 − k2)2(k1 − k2 − l)2[(p1 − k2)2 −m2b ](k2 + l)2l2
}
=
9
8
φ(1)ρ,e ⊗
[
−G(0)bT,3(x1, x2) +G(0)bT,3(x1, x2, ξ2)
]
, (A82)
G
(1′)
bT3,2f = −
eg4C2F
2
Tr
{γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(p/1 − k/2 − l/+mb)γνmbγα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2[(p1 − k2 − l)2 −m2b ](p2 − k2 − l)2l2
}
= φ
(1)
ρ,d ⊗
[
G
(0)
bT,3(x1, x2)−G(0)bT,3(x1, ξ2, x2)
]
, (A83)
G
(1′)
bT3,2g =
eg4C2F
2
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµmbγν(p/1 − k/2 − l/+mb)γα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k2 − l)2 −m2b ](k2 + l)2l2
}
∼ 0, (A84)
G
(1′)
bT3,2h =
eg4
9
Tr
{γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(mb − l/)γα(p/1 − k/1 − l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2)2(p2 − k2 − l)2[(p1 − k1 − l)2 −m2b ]l2
}
= −φ(1)ρ,d ⊗G(0)bT,3(x1, ξ2, x2), (A85)
G
(1′)
bT3,2i = −
eg4
9
Tr
{γν(k/1 − l/)γα [ǫ/2T p/2φTρ (x2)] γν(p/2 − k/2 − l/)γµ(mb − l/)γα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2 − l)2 −m2b ](k1 − k2 − l)2(p2 − k2 − l)2(k1 − l)2l2
}
=
1
8
φ
(1)
ρ,d ⊗G(0)bT,3(x1, ξ2), (A86)
G
(1′)
bT3,2j =
eg4
9
Tr
{γν(k/1 + l/)γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµmbγα(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2)2(k1 + l)2(k2 + l)2l2
}
=
1
8
φ(1)ρ,e ⊗G(0)bT,3(x1, x2), (A87)
G
(1′)
bT3,2k = −
eg4
9
Tr
{γα(k/2 + l/)γν [ǫ/2T p/2φTρ (x2)] γµmbγα(p/1 − k/1 + l/+mb)γν(mB)γ5 [n/+√2φ+B(x1)
]
[(p1 − k2)2 −m2b ](k1 − k2 − l)2[(p1 − k1 + l)2 −m2b ](k2 + l)2l2
}
= −1
8
φ(1)ρ,e ⊗G(0)bT,3(x1, x2, ξ2), (A88)
with the wave functions φ
(1)
ρ,d and φ
(1)
ρ,e in the form of
φ
(1)
ρ,d =
−ig2CF
4
γ⊥γ+γρ(p/2 − k/2 − l/)γ−γ⊥
(p2 − k2 − l)2l2
nρ
n · l ,
φ(1)ρ,e =
ig2CF
4
γ−γ⊥(k/2 + l/)γργ⊥γ+
(k2 + l)2l2
nρ
n · l . (A89)
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The summation of the contributions from above irreducible sub-diagrams gives the following result:
G
(1′)
up,bT3(x1, x2) = φ
(1)
ρ,d ⊗
[
G
(0)
bT,3(x1, ξ2, x2)−G(0)bT,3(x1, ξ2)
]
, (A90)
G
(1′)
down,bT3(x1, x2) = φ
(1)
ρ,e ⊗
[
−G(0)bT,3(x1, x2) +G(0)bT,3(x1, x2, ξ2)
]
. (A91)
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